to be defined  [Q.
Motivations : (et Se A
O One wosy +o obkin a quartuim grup s by Haking o nontrivial formal ddvrmadtion
of +the unirrsal enveloping o.l%zbm? Q;P e w}g‘,mPle Lie algnhraa
OR of the olgbm of requles Sanctionson o semisionple algebraic group G
Lost time , we falkd about the dual pair of Hopf algobms coming from a finte grow

kGl aol @ finte goup >(k[6])*
Now, what # & is not Pinite ?

The olove construdion would gield co-diml K&\, and in gmwnl, its not
clear what K&1* is - (Can be huge!)
It s out thet for G an(‘él"gii;“@ Qroup . the “right” consfrucion_ s
T Sttered lgpems J

@

hove a countade vasis (not o b'g)

Note: When +he gound fleld k & Yot smooth €g.  k ic discrete),
One :xlu\d need 4o work wih o p_up_fe\é a\%ebm'\c delnitionof Lal
(the  L3e a\%lbm." associaded 4 Hha

dgebraic goup &) |



TUniversa.l Enuelop:‘ng Algebra o a Lie Alcgzbrzﬂ

Lie Agebra (g, [, 1)

ﬂ vector spaca.
[,1:4%x9—>§ bilinear st
el 1 - }Vu,‘é,ze%
e e %, 4, 2+ g B ]+ . OO Y =0

Note: One could think o a Lie a[gﬁbrm g as tha targfzn{ Space. ot (=
ok its cOrrEspondma Lie group. (f k=R or C)

Universal Emrelging Alg_____gbrm (Uf@) ,4;3)
Mdtivations: () Often nicer +o work wrth an associofive alabro. mther than aLieanQbm
(v it has the addtional struchue of mulfiplication , and is well-stuced )

@ vepns of g <> mcdules over (@)

Given « Lie olggbra. g, define its unwversel enveloping alggba  (UG) . Lg) as
Y 9= k®g®EeY® - | [FENSor alpbm]
16) s de olgbr deod R T
-t;:f%@ with o Lie a\gt\:\'u. incusion \_ genercied by {0(@)3-3@4(‘ D(J'a-l}x,aes
(CR) C—-B'I_I:V(U(@) where  for an associcdive. algzhn A, define a Lie algebm
LA)| st. [ LAY=A" as vechor spoces
L Iuli= dy-gxeA) Vu, geA

Lie backet

Universal FP@QQ%_M

We have , via U and L, the flowng maps

{Lie algabms} 2ossociative olgebras b
Note - In \,
) netner g =L{UG)) |

LAY < — A nor A =ulL®)|

T\ne% :"»am‘siF(g’l

oy |
Hom . (g . L(AY) & Hommg(ucg),AB for oy assediodive olgxbrnAl,

1€ Fer any Lie a.g_e_bo. morgism £ g —LA) = unique o.ngbrcx morphsm
¢ ug)=A Ls.{. Poiq=F.
Lineos map of the undeslying eclor sEOS which preserves L]

¥




[ A T ~ R.b

Regu\o.r FunciionS on on A\ngﬂ.‘MC. G(rct.uPL L-"J

E;ﬁwxhon: The n‘,’suHina Hopf al%e\ova, O, 1S, m some casss |, “dual” o -dqel-!op(—‘a(gabm ﬁ%})
(where g i e Lie algdom. of G

Algebraic Gouwp (G, -, fa, (™)
(G, - da, (YD) safisfies the usual oxioms %or a e
G s cm\(%@ﬁormc. VO{“(.:%. < Gck" forsomen) St 3 polynooiols Guer k) in n vasiables

E‘.@ e G[ X G b G are Tes‘dor ﬂ\a-?s ‘l"_&‘ ) EM ’F:?Lt&jl\icy\ — =
)-—l N, -‘F g G = {(2.,-,2')€k . Pf.(zu‘ ','i.):o VLe‘i["-.’m}.
L TG =G maps where each coartimale funcrion L = it

{domain vane\'a-—‘-,.k) s olu_.t‘;g@gf WDII
Regular Functions on G O /Teome deinvion & G is warcly on@find) dlggbroic varicy
".’n's'\cQ\\a s ﬁne,a o po\\jn%m\%zn@ms n -the coordnales (Z.,~.2a) if we view G k”;
two functiens € & g ar the some og ﬁmd’\oﬂs on & when {1\6&:%\6 g@ﬁ)L\’f
Theehre | ‘ﬁwmo&\a

Motivation: For an algdbraic %@52?_*"35 :

- 7 -z 1/ B |I1 we can study the ol
SOQ kL n {Fek[;guw,?_ﬂ] : ﬁgo}\ obojct G, sticad ‘the_ geomeh
obig_d_r G Lwiwnow \csin% intkoeral

: Motivations : © More @xavaplas of  Hepf algﬂams
Awil e 1"
[Hopf Agebro Stucures on U@ ond Oag | S gl o froduce, e

& a\gabvoi\c o e OQ[

__ (compare wtn (&) (compare. witn (KB Y S ;"m
i} . 3

M tensor produck (mod ) codabefA(EN @RI = R(g-k) Vel

16 = 4 ek UG T e =%19(fa) g J Emoa

w@)
AW =lgx+%@t Vxeg U v : mod ...
NASRTIMY & “", o — polgnomal poduct (mod ...
oK) 2 1@ Kt & KoK ®%op e (T1(1,) = constant pdyrionial {

Ppsh
+ % x, ®f €UPSUY
Em =0 veeg (EO=14)
.+ 2
gl SW=-X v xeg akee S (g) = £ @) | VgeG  vhe &g
"'75(%----%0 =ED" %, - X, ‘L{!)JEGVE |
"~ S s an ola. antmerghism (Reall, $: H->H)
1€ Sis an alg moph. fam H 4o WP
HP = (0, 1%,17)] s e opposie. olgplore.
of . algtbm (H, p o))
wher  wPagb)= 1i(boa) Ya beH



